Abstract-An analytical theory is presented for the study of injection locking in multisection semiconductor lasers. The Helmoltz equation for the electric field is solved using the Green's function method and the injected fields are included via the boundary conditions. Two cases are distinguished, injection through the front facet of the laser and injection through the rear facet. In both cases, an equation of evolution for the envelope of the electric field is established, taking into account the longitudinal distribution of the carrier and photon densities and the nonlinear gain. The expressions of the intensity, phase and carrier density noise spectra are derived using a matrix formulation. Comparison to classical equations used for Fabry-Pérot lasers is discussed. The locking properties of a distributed feedback laser with an antireflection coated front facet are studied in detail. Results demonstrate the strong sensitivity of the locking properties on the phase grating and rear facet reflectivity.
I. INTRODUCTION
O PTICAL injection locking is a powerful technique to improve the performance of diode lasers and realize new techniques in telecommunications [1] - [5] . It is also a very interesting phenomenon in terms of physics and nonlinear dynamics [6] - [9] and can be used as a tool for determining fundamental laser parameters [10] , [11] . Optical injection locking was first experimentally demonstrated more than forty years ago in gas lasers [12] and its study in semiconductor lasers started in the early 1980s [13] , [14] (see [15] for an extended bibliography on the history of optical injection). Contrary to conventional lasers, semiconductor lasers allow a significant fraction of the light to escape and are consequently more sensitive to external perturbations. Moreover, the important dependence of the refractive index on the carrier density in semiconductor lasers has been shown to significantly affect the injection locking properties [16] . The first works on injection locking in semiconductor lasers were mainly dedicated to the study of the range of locking, the stability [17] , [18] , and the noise properties [19] - [21] . Their results have demonstrated the interest of this technique for frequency stabilization and linewidth narrowing. The analysis of the modulation properties of a locked diode laser has shown the possibility to reduce the relaxation oscillations [22] , [23] , extend the modulation bandwidth, generate phase modulation and to reduce the chirp [21] , [24] , [25] . The influence of the gain compression has been also investigated [26] and has been shown to be a factor contributing to stabilization of the locking [27] . Optical injection in semiconductor lasers has been mainly studied using simple rate equations for the outgoing electric field and the carrier density. Some authors have derived these rate equations from the full wave-equation [28] , [29] , or the round-trip time travelling-wave amplifier model [15] , but many works have used a modified version of the rate equation for isolated diode laser by phenomenologically introducing the external field with a coupling factor or feed-in rate. Consequently, the expression of the feed-in rate has sometimes not been set clearly or justified correctly. Moreover, for lasers exhibiting spatial hole burning or containing Bragg gratings, such as distributed feedback (DFB) or distributed Bragg reflector (DBR) lasers, rate equations cannot be derived without first using a full longitudinal treatment. DFB lasers with external feedback have been the subject of several theoretical studies [30] , [31] , but few results have been published concerning injection locking in DFB lasers. Experimental studies [32] - [34] have for example demonstrated that, contrary to a Fabry-Pérot laser, a DFB laser exhibits a symmetric locking range for weak injection, due to the possibility of having a stable oscillation in a mode with higher threshold gain than the free mode. However, an investigation of the locking range as a function of the DFB laser fundamental parameters is still missing.
Different mathematical tools can be used for the full longitudinal treatment of a multisection laser [35] - [40] . Among them, the Green's function method is well appropriate to derive analytical expressions. The Green's function method was introduced by Henry [41] to analyze the spontaneous emission of semiconductor amplifiers and multisection lasers. This work triggered numerous successful studies concerning the dynamics and noise properties of DFB and more generally of multisection lasers [42] - [46] . Tromborg et al. used this method to study the effect of spatial hole burning, nonuniform current injection and nonlinear gain on the linewidth of DFB lasers [47] , as well as analyzing the stability and the noise and modulation properties [48] - [50] . The coherence collapse conditions were also derived using the same formalism [51] . The influence of the structure of multisection lasers on the phase-amplitude coupling factor and the spon-0018-9197/$25.00 © 2008 IEEE taneous emission rate have been studied with Green's function by Duan et al. [52] . An effective phase-amplitude coupling parameter has been defined and including the nonlinear gain new explanations to the rebroadening of the spectrum at high power has been given. More recently, Green's function has been used for new studies of the external optical feedback, concerning the threshold of the coherence collapse [53] and the spectrum of external cavity lasers [54] .
In this paper, we present a theoretical study of the injection locking in a multisection laser. This work extends a previous work of Tromborg et al. [31] which used the concept of effective coefficients of reflection and transmission. Two questions are at the source of our investigation. For DFB lasers, which "round-trip time" (or which -factor) can be used for the expression of the feed-in rate? For symmetric lasers, is there a difference between an injection through the facet from which the emission is observed (front facet), and an injection through the rear facet)? The purpose of the paper is to obtain a general equation of motion for the electric field envelope in both cases of injection through the front and rear facet, and to hereby derive the noise properties of the injection-locked laser.
The paper is organized as follows. In Section II, starting from the equation of propagation and using the Green's function method, we derive an expression for the Fourier transform of the electric field at the output of the laser as a function of the external injected fields to both facets and a Langevin force representing spontaneous emission. The characteristics of the laser are taken into account using effective reflection and transmission coefficients. In Sections III and IV, the equation of motion of the temporal complex envelope of the electric field is calculated, using a Taylor expansion of the effective coefficients of the cavity, for respectively backward and forward injection. For each direction, the rate equations are linearized to give the locking relation and to determine the power spectral densities of the noises in matrix form. In Section V we apply our results, concerning the feed-in rate value, to the Fabry-Pérot cavity and discuss the comparison to the classical expression of Lang. After, the parameter of injection for a DFB laser with an output facet antireflection coated are numerically studied. Finally, the conclusions are summarized in Section VI.
II. ELECTRIC FIELD IN MULTISECTION LASER WITH EXTERNAL INJECTION
We consider the general configuration of Fig. 1 . The section between and represents the laser (Fabry-Pérot, DFB or multisections). The internal electric field is decomposed into right and left traveling fields and . At each interface we define a reflection and two transmission coefficients: at (into the laser) and (out of the laser); at (out of the laser) and (into the laser). The laser can generally emit light via both facets, but all along the paper we consider that only the field emitted through the right facet is observed and studied. The right facet is consequently called the front facet, and the left facet is called the rear facet. We assume that an electric field can be injected through the front facet, using a coupler or a circulator, or that an electric field, , can be injected through the rear facet. The starting point is the equation of propagation of the electric field established using the Maxwell's equations in a macroscopic medium (1) with the position, the electric polarization, and the magnetic permeability and electric permittivity of the vacuum, the light velocity, and the conductivity. can been expressed as a function of the electric field introducing the susceptibility . The spontaneous electric polarization, due to quantification of the field, is included using a random function, (2) Susceptibility and conductivity can be taken into account together through the relative dielectric constant (3) with the Fourier angular frequency.
The Fourier transform of the electric field is a solution of the Helmoltz equation (4) with . is a Langevin force whose correlation coefficient is given by the theorem of fluctuation dissipation [55] (5) (6) (7) with the temperature, the Boltzmann constant, the Planck constant, the energy difference between the quasi-Fermi levels, the material refractive index, the material gain, and the inversion factor.
We assume that, in each section of the laser, the electric field oscillates in the fundamental transverse mode polar-ized along with the complex constant of propagation satisfying [56] 
Consequently can be written as with satisfying (9) where (10) represents the spontaneous emission in the transverse mode.
Solving the inhomogeneous differential equation (9) using the Green's function method (Appendix A), the Fourier transform of the forward traveling component of the electric field at the front facet of the laser can be expressed as a function of the injected fields and a Langevin force (11) where and are the equivalent reflection and transmission coefficients of the active region between and for a backward traveling wave and is a Langevin force representing the total spontaneous emission at the output of the laser. Expressions of and are derived in Appendix A.
III. DYNAMIC EQUATIONS AND NOISE PROPERTIES OF LASER DIODE WITH BACKWARD INJECTION
We consider in this section the injection of a backward traveling wave through the front facet, i.e., backward injection.
A. Expansion of the Electric Field Equation
For injection through the front facet (11) becomes (12) depends on , but also on the carrier and photon densities and , via . Since and depend on is a functional, i.e., a function of functions.
is the transversely average photon density in the active layer (AL) (13) where is the value of the product of the material refractive index and the group refractive index transversally average on the AL (14) is the confinement factor of the transverse mode in the AL and the transverse area of the AL [56] . Without injection, when spontaneous emission is neglected, the static solution fulfills the condition of oscillation (15) When the laser is submitted to optical injection, the static parameters of the laser are modified. Once locking is achieved, the central frequency of the slave laser becomes equal to the central frequency of the master laser . Assuming that the function is slowly varying in a region around , and that the detuned state with deviation and is included in this region, the value of can be determined using a Taylor expansion (16) is the functional derivative of introduced by Tromborg et al. in [47] (17) where represents the infinitesimal variation of due to an infinitesimal variation of the function .
B. Temporal Envelope of the Electric Field
The complex envelope around of the forward traveling component of the intracavity electric field at the front facet is defined by (18) The envelope of the injected field is defined similarly in . Using the expansion of in the equation (12), the equation of motion of can be obtain by inverse Fourier transform (19) with (20) (21)
We use here a notation similar to the notation of Dirac in quantum mechanics (23) The derivatives of are given by
with the Henry factor, the modal gain, the modal refractive index and the group velocity.
The first term on the right-hand side of (19) represents the rotation of due to the detuning, the second and third ones represent the in phase and in quadrature contributions due to the modification of the gain and index induced by the carrier and photon density modifications. The functions and determine the variation of the global gain and index of the cavity due to the local variation in of the carrier and photon densities. They take into account longitudinal spatial hole burning [57] and spectral-hole burning [58] . The fourth term represents the contribution of the injected field.
is the Langevin force representing the contribution of the spontaneous emission to the envelope evolution (26) The autocorrelation of is derived from (6), (10), (26), and (98) (Appendix A) (27) with (28) where the functions are defined in Appendix A.
is the average rate of spontaneous emission into the mode, taking into account the effect of the transverse mode [59] and the longitudinal mode [41] , [47] , [31] on the standard relation of Einstein . is a constant such that is the total number of photons in the laser cavity (29) with (30) (31)
C. Optical Phase and Power Equations
The mean optical power emerging from the front facet of the laser is given by (32) where is the modal group refractive index and . The incident optical power is similarly given by (33) The rate equations for the output power and the phase of , are determined by multiplication of (19) by and separation into real and imaginary parts
where is the phase of and . The carrier density is governed by the rate equation (36) where is the density of injected carriers, R is the function describing the spontaneous recombination of the carriers and is the Langevin force associated to the fluctuation of carriers due to the interaction between the field and the spontaneous electric polarization [60] .
The nonzero Langevin forces diffusion coefficients are [61] (37)
D. Calculation of the Locking Range
Locked states are solutions of (34), (35) and (36) with all noise and derivative terms set to zero. When locking is achieved, the phase difference and angular frequency detuning are related by (41) where is the ratio between the optical power injected through the front facet and the forward traveling intracavity optical power at the front facet. It is important to point out here that, for a locked state, it is possible to define a stationary mean value of the difference of the slave and master phases, but not of the individual phases which remain unstationary random functions. A generalized Henry factor has been used (42) taking into account the impact of the longitudinal distribution of the carrier and photon densities, and the gain compression. The imaginary part of , corresponding to a modification of the refractive index induced by the photon density modification, is generally negligible. The maximum detuning is (43) Since is not a material parameter but rather a structural parameter, it depends in fact on the condition of injection. Consequently, the exact locking range must be calculated self-consistently. Stability of the solutions inside the locking range can be discussed using the Hurwitz criterion on the small signal equations.
E. Determination of the Power Spectral Densities of Noise
The longitudinal mode depends on and . Consequently cannot be directly related to using the group velocity. The following expression, determined by Tromborg et al. [47] , is used for to take into account these dependences (44) Expression for the different functions and operators are recalled in Appendix B. The rate equations of (34), (35) and (36) are linearized around the static point . is the deviation to the static point induced by noise. Due to the unstationarity of the phase noise, or cannot be defined. Using the following vectorial notations [62] : (45) (46) (47) the expression of the noises can be expressed by (48) Noting the coefficients of the matrix , and are given by
The power spectral densities can be expressed using an Hermitian product
The coefficients of correspond to the power spectral densities of the intensity, phase and carrier density noises for the diagonal terms and to the respective interspectral power densities for the nondiagonal ones. Using (48) (51) with (52) The linewidth of the injection-locked spectrum can be determined from the value of in . However, for very small values of is not constant on a sufficiently wide range of frequencies around zero and consequently the power spectrum of the injection-locked laser can no longer be represented by a Lorentzian lineshape.
F. Comments
The coefficients which depend directly on the injected fields are and .
indicates how the noise of the injected field is coupled to the intrinsic sources of noise of the slave laser , resulting in an equivalent internal source of noise . indicates how the injection modifies the response of the laser to the source of noise, which is represented by the coefficients . It is interesting to note that the coefficient and are independent on the structure, they are identical to the Fabry-Pérot case [63] . Inversely, coefficients , which, without injection, determine the noise properties of the laser, depend on the structure of the laser. The terms involving a longitudinal integration take into account the effect of the spatial hole burning and nonuniform current injection. The gain compression effect appears through and . The use of the expansion of the carrier density noise (44) , involved new transfer of noise through the modification of the longitudinal mode represented by the operator and and the functions and . This effect leads to an additional coupling between the rate equations of intensity, phase and carrier density which appears specially in the factor and , which would be null otherwise. Thus, factor corresponds to a contribution of the frequency noise to the intensity noise. Such a contribution is generally induced only by injection locking through the factor but is here also self-induced. It is due to the fact that the frequency noise induces a noise on the longitudinal distribution of the photon density and consequently a noise on the output power through the gain compression. Factor represents a contribution of the frequency noise on the carrier density noise, the frequency noise induces a noise on the longitudinal distribution of the photon density and consequently a noise on the carrier density through the photon-carrier coupling of the gain. Moreover the influence of those two parameters increase with the frequency and consequently can become important for the calculation of the phase noise at frequency offset above 1 GHz. Finally, the gain curve influence is also present through the factor which is important for emission far from the maximum of the gain curve.
IV. DYNAMIC EQUATIONS AND NOISE PROPERTIES OF LASER DIODE WITH FORWARD INJECTION
We consider in this section the injection of a forward traveling wave through the rear facet, i.e., forward injection.
A. Temporal Envelope of the Electric Field
For injection through the rear facet, (11) becomes (53) Using the following first-order expansion:
the equation of motion of the temporal envelope of the forward traveling component of the intracavity electric field at the front facet is established by inverse Fourier transform (55) where (56) The two first terms of the right-hand side of (55) are identical to the case of backward injection, and the four following terms represents the contribution of the injected field. The feed-in rate is different from the backward case. Four additional contributions from the injected field appear in the equation. Those contributions come from the effect of the single pass through the cavity by the injected field. The fourth terms represents the modification of the single pass gain and phase rotation due to the deviation of the carrier and photon densities. The fifth term takes into account the delay induced by the single pass trip by introducing a contribution of the derivative of the envelope of the injected field, and the sixth comes from the detuning of the injected frequency from the natural frequency of the cavity.
B. Optical Phase and Power Equations
The equations of motion for the optical phase and the optical power are derived using the same method as for the backward case (57) (58) where . Due to the involvement of the derivative of the temporal envelope of the injected wave, corresponding contributions appear in the equations of motion of the phase and the power.
C. Calculation of the Locking Condition
Locked states are solution of (36), (57) and (58) with all noise and derivative terms set to zero. When locking is achieved, phase difference and angular frequency detuning are related by (59) where (60) and is the ratio between the optical power injected through the rear facet and the forward traveling internal optical power at the front facet. Because depends on and , the exact expression of the locking range has to be determined self-consistently.
It could appear surprising to obtain a different expression of the locking range for the backward and the forward injections. In the case of a symmetric laser , if we consider the light emitted by the rear facet, the existence of two different expressions seems to allow solutions where for example the forward traveling components of the intracavity field is locked but not the backward one. This is in fact not the case, because the injection modifies the longitudinal distribution of the optical power inside the cavity, and leads to an asymmetry of the emitted power, even for symmetric laser, as was shown in [29] for a Fabry-Pérot cavity. Consequently it is consistent to obtain different expressions for the forward and backward injections.
D. Power Spectral Densities of Noise
Using the notations 
E. Comments
In difference with the backward case, the coefficients and , depend on the structure of the laser. The coefficients remain identical to the backward case since they represent the noise properties of the laser without injection. It can be also noticed that all the coefficients and , excepted and , contain a component proportional to the frequency . This contribution is particularly important for the characterization of the phase and intensity noise spectrum at large frequencies. For frequency closed to , the Taylor expansion (16) and (54) should be extended to higher orders in leading to higher order temporal derivatives in (55) and polynomials in instead of linear terms in the expression of and .
V. APPLICATION TO FABRY-PÉROT AND DFB LASERS

A. Injection Locking of a Fabry-Pérot
We discuss in this section the application of the equations previously derived to a Fabry-Pérot cavity. The field is considered to be uniform along the cavity, the emission to be near the maximum of the gain curve and the gain compression to be negligible. These hypothesis are fulfilled with a Fabry-Pérot laser with facet reflectivities above 0.5, operating not too far from the threshold [64] .
For the case of backward injection
Consequently, from (19) , the equation of motion of is (76) This equation is similar to the well known equation used by Lang [16] . However, the feed-in rate used by Lang is whereas in our case the feed-in rate is . We can notice two differences, the use of the group index and the involvement of the facet reflectivity . The phenomenological argument of Lang was that the injected field adds every time it hits the irradiated facet at a time interval equal to the cavity round-trip time. However, the injected field is added only to the backward traveling wave reflected by the front facet with a coefficient of reflection . Consequently when the forward traveling wave is considered, the feed-in rate is equal to the inverse of the round-trip time divided by . In many papers on injection locking, the is missing. This problem is analog to the difference which has been noticed [65] between Kurokawa's [66] and Adler's [67] locking bandwidth due to the existence of different -factors, the resonator unloaded , the loaded and the external . The expression of the feed-in rate derived in [15] using the round-trip time travelling-wave amplifier model is equal to our expression. The expression of the feed-in rate given in [20] seems also to agree with our expression, however it is not clear whether it was established for the total intracavity electric field or for the forward traveling component. For the envelope of the total intracavity electric field at the front facet, the feed-in rate is , it is in agreement with the value obtained in [28] which uses for the mirror the model of a dielectric plan where a surface current is induced by the electric field instead of the boundary conditions used in this article. In the forward case (80) and (55) becomes (81) As previously noticed, the total feed-in rate can be decomposed in three terms, (82) (83) (84) is the main term of . It is identical to the backward case only for a symmetric laser. The others terms of can become noticeable when the cavity is particularly long or when locking is achieved with very large detuning. Finally, the contribution of the derivative of the envelope of the injected electric field can become noticeable when the variation of during a roundtrip time is nonnegligible, for example when the master laser is modulated at high frequency which is an important point in telecommunication applications.
B. Numerical Applications for DFB Laser With an Antireflection Coating
We will now present numerical results for the parameters for DFB lasers with an antireflection coated front facet.
1) Parameters of Injection of a DFB Laser With an Antireflection Coated Facet:
For the Fabry-Pérot cavity, represents the inverse of the round-trip time of the wave between the two reflective facets. However, in a DFB laser, the definition of the round-trip time is not straightforward due to the distributed reflection added to the facet reflections. Consequently represents an effective round-trip time for a laser containing distributed reflections. The resolution of the coupled equations for a DFB laser [56] with coupling coefficient of the grating , Bragg wave number and grating phase gives (85) with , the complex detuning from the Bragg wave number, and , the complex wave number of the longitudinal envelope. For an antireflection coated front facet laser, the resonance condition is , consequently (86) The expression of is calculated from (85) and (86)
For forward injection, the additional parameter is derived from , calculated from the solution of the coupled equations (88)
We will now present numerical results for the parameter of injection in forward and backward configuration.
2) Case of a Real Rear Reflectivity: Fig. 2 (left) shows the modulus of the feed-in rate as a function of the normalized coupling coefficient of the grating for four different values of the rear facet reflectivity. The feed-in rate is normalized by the free spectral range of a Fabry-Pérot laser of the same length. The normalized values of the feed-in rate are distributed around two curves. The higher curve corresponds to a wavelength lower than the Bragg wavelength, whereas the lower curve corresponds to a higher wavelength. The discontinuity for and are due to a mode hopping corresponding to a change of the sign of the detuning from the Bragg frequency. The normalized value of the feed-in rate for a cleaved facet Fabry-Pérot laser is 1.8. Consequently, for normalized coupling coefficients of the grating lower than 1.5, the feed-in rate of the DFB laser is higher than for a Fabry-Pérot laser, in the limit of a rear facet reflectivity lower than 0.95. For higher coupling coefficient of the grating and intermediate values of the rear facet reflectivity, the feed-in rate of the DFB is lower than for a Fabry-Pérot laser. For strong coupling the influence of the boundary conditions is weaker due to the predominance of the distributed reflection, and consequently the feed-in rate is weaker. Moreover the feed-in rate tends toward zero for very high coupling coefficients regardless of the rear reflectivity. In contrast, for weak coupling, the value of the rear reflectivity and the position of the lasing wavelength have an important influence on the feed-in rate.
On Fig. 2 (right) are shown the normalized modulus of the primary feed-in rate for forward injection as a function of the normalized coupling coefficient to the grating and for four different values of the reflectivity of the rear facet. For a cleaved facet Fabry-Pérot laser, the normalized feed-in rate is equal to 1.8. Consequently, the primary feed-in rate of the DFB laser becomes lower than for a Fabry-Pérot laser for coupling coefficients higher than 1.7. The effect of the mode hopping for and 0.565 is indicated by the two arrows and is weaker than for the backward case. On Fig. 3 are represented the parameter specific to the forward injection as a function of the normalized coefficient of the grating and for four different rear reflectivities. We notice than the values do not exhibit the same decay curve as in the case of and . For a wavelength lower than the Bragg wavelength ( , and , and ), increases with and for a wavelength higher ( , and and ) it decreases. The value of for a cleaved facet Fabry-Pérot is 0.9, consequently the additional coupling measured by is weaker in a DFB laser than in a Fabry-Pérot laser.
Finally, Fig. 4 presents the arguments of and in degrees as a function of the normalized coupling coefficient of the grating for three different values of the rear reflectivity. The change of position of the mode indicated by the arrow is associated to a phase rotation of nearly 180 of and 90 of . Arguments of exhibits a behavior similar to the argument of .
3) Lasing Mode in the Forbidden Band: We have previously studied the case of a DFB laser with an antireflection coated front facet and a rear facet with a real reflectivity. The case of a purely imaginary rear reflectivity is also interesting because in this case the principal mode of the laser is in the center of the forbidden band [17] .
In has the lowest threshold have been considered. Two coupling coefficients of the grating have been used, and . The value of strongly varies with the reflectivity and becomes extremely high for and . By comparison, Fig. 2(left) presents, for real reflectivities, ranges of normalized value of the module of the feed-in rate of [4.5, 9.5] for , and [2.7, 7] for . For high values of , the feed-in rate is practically two orders of magnitude below the feed-in rate of the cleaved facet Fabry-Pérot laser. These results are important since they demonstrate that in choosing appropriately the value of the rear reflectivity, the feed-in rate, and consequently the locking range, can become extremely high or extremely small.
We do not find the same large range of values for the primary feed-in rate in the forward injection. However Fig. 5 shows that it increases with the reflectivity which is inverse to the case of a real reflectivity. Moreover, the sensitivity to the coupling coefficient of the grating is higher.
Finally, the results presented for the parameter exhibit, as for the real reflectivity case, values lower than for the cleaved facet Fabry-Pérot laser. It is interesting to note that for every value of , there is a value of for which is zero.
4) Influence of the Phase of the Coefficient of Reflection:
We have shown that results for real and purely imaginary reflectivity are strongly different. Consequently we will now study the impact of the argument of the rear reflectivity on the different parameters considered.
In Fig. 6 are shown (a) the normalized Bragg detuning and threshold gain, (b) the modulus of the normalized feed-in rate for backward injection, (c) the modulus of the normalized primary feed-in rate , and (d) the parameter for forward injection, all as a function of the argument of the rear reflectivity. The results concerning the feed-in rate
show that it has a quadratic behavior centered around the case of the Bragg mode . Consequently the influence of the argument is particularly important near the real axis. For the forward injection, the Bragg mode corresponds to a local maximum of . A phase shift of 45 from the imaginary axis induces a decrease of the primary feed-in rate of 30%. Between 45 and and between 135 and 270 depends quasi-linearly on the argument of the reflectivity. Finally, the Bragg mode corresponds to a minimum for the parameter . In opposition with , the Bragg mode is the case where the influence of the argument of the reflectivity is the highest. Once again, all the values of presented are below the case of the cleaved facet Fabry-Pérot cavity.
VI. CONCLUSION
We have presented a theory for the injection locking of multisection lasers taking into account spatial hole burning, the nonlinear gain and the direction of injection. The contribution of the spontaneous emission has been treated with the Green's function method and the contribution of the injected fields using effective reflection and transmission coefficients accounting for longitudinal distribution of the carrier and photon densities. Two different equations of evolution for the complex envelope of the forward component of the intracavity electric field at the front facet have been derived, corresponding to the two possible directions of injection. This analysis shows that backward injection corresponds to the classical equation of Lang, whereas forward injection leads to additional contributions. Part of those additional contributions has been previously found in the equation derived by Tromborg et al. [31] , but the contribution of the detuning was missing and it was not pointed out that those contributions were related to the facet of injection. The paper provides analytical expressions of the noise power spectral densities including mathematical tools presented in [47] . Those expressions are interesting for accurate characterization of the phase noise spectrum of injection-locked laser, especially for forward injection and for injection of modulated light. Moreover, they show that injection-locked lasers can exhibit asymmetric noise properties, which has been experimentally demonstrated in laser submitted to external feedback [68] . The application of our general equation to Fabry-Pérot laser shows that the expression of the feed-in rate considered in the literature is sometimes incomplete. Finally, numerical results demonstrate the possibility of designing DFB lasers with very large feed-in rate for backward injection, and DFB lasers with significantly different feed-in rate for forward and backward injection. 
We choose satisfying the left boundary condition without injection. Consequently, the left boundary condition gives 
we obtain the following equation for :
APPENDIX B EXPRESSION OF THE PHOTON LONGITUDINAL DENSITY
Equation (44) is the expansion of the photon density established by Tromborg et al. [47] . In this appendix, we briefly remind the method and the expression of the main parameters. The longitudinal mode is expended at first-order in and (100) with (101) (102) is the stationary longitudinal mode with injection. Using (13) 
